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Time-Domain Aeroservoelastic Modeling Using Weighted
Unsteady Aerodynamic Forces

Mordechay Karpel*
Technion —Israel Institute of Technology, Haifa, Israel

A modeling method for constructing a state-space aeroservoelastic mathematical model for time-domain
analysis with a low number of aerodynamic lag states is presented. The modeling method employs the minimum-
state method for rational approximation of tabulated unsteady aerodynamic force coefficients at various re-
duced-frequency values. The approximation method is modified to deal with weighted aerodynamic data and
with alternative constraint combinations. Two weighting types are analyzed and discussed. The first weighting
is normalizing the aerodynamic data to maximum unit value of each aerodynamic coefficient. The second
weighting is one in which each tabulated coefficient, at each reduced-frequency value, is weighted according to
the effect of an incremental error of this coefficient on aeroelastic characteristics of the system. This weighting
yields a better fit of the more important terms at the expense of less important ones. The analytical developments
are presented and numerical examples, which demonstrate various features of this method, are shown to yield
significant reduction in model size per given accuracy relative to other rational approximation methods.

Introduction

A EROSERVOELASTICITY deals with interaction be-
tween aeroelastic and control system characteristics of a

flight vehicle. The motion of the control surfaces excites the
aeroelastic system and causes structural vibrations. The vibra-
tions are sensed by the control sensors and fed back, through
the control transfer function, to the control surface actuators.
This closes the aeroservoelastic loop and affects the airframe
stability characteristics.

Various control analyses, design, and simulation techniques
require the equations of motion to be cast in a linear time-in-
variant state-space form. In order to account for unsteady
aerodynamics, the aerodynamic forces have to be described as
a rational function of the Laplace variable s, as has been
shown in various applications such as those of Sevart,1 Ed-
wards,2 Roger,3 and Vepa.4 The resulting state-space equations
include augmented states that represent the aerodynamic lags.
The number of the augmented states is a function of the num-
ber of denominator roots in the rational approximation.

Systematic techniques that use oscillatory aerodynamic ma-
trices (defined along the imaginary axis of the s plane) to
generate rational approximate solutions for arbitrary motion
were developed by several authors. Roger et al.5 introduced the
Fade approximate technique in which each term of the aerody-
namic matrix is approximated by a different ratio of polyno-
mials in s. In this technique, there is one additional augmented
state per each root of each term in the aerodynamic matrix.
Roger3 realized that the aerodynamic matrix can be approxi-
mated more efficiently by using common denominator roots.
He used a least-square technique for a term-by-term fitting of
the tabulated aerodynamic matrices. Vepa4 introduced a ma-
trix Fade approximate technique that approximates the entire
aerodynamic matrix by a ratio of matrix polynomials. Various
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modifications of the matrix Fade technique were suggested by
Edwards,2 Karpel,6 and Dunn.7 For the case of irreversible
controls, the number of aerodynamic augmented states result-
ing from these methods is equal to the number of denominator
roots, multiplied by either the number of vibration modes (in
Roger's method) or the sum of vibration, control, and gust
modes (in the matrix Fade methods).

Karpel6'8 introduced the minimum-state approximation
method in which a higher number of denominator roots is
required per given accuracy. However, the number of aug-
mented states resulting from this method is equal to the num-
ber of the denominator roots, regardless of the number of
modes. Application to an aeroelastic model with three vibra-
tion modes and one control mode showed that the minimum-
state method yields less than half the number of augmented
states resulting from the previous methods with the same level
of accuracy. The minimum-state approximation solution of
Refs. 6 and 8 implies perfect fit of the steady aerodynamics
and of the aerodynamic matrix at one other reduced-frequency
value to be chosen by the analyst. A nonlinear iterative least-
square technique is used to approximate the other tabulated
aerodynamic matrices.

Tiffany and Adams9'11 extended Roger's method, the modi-
fied matrix Fade method, and the minimum-state method to
include the capability for enforcing or relaxing various equal-
ity constraints as desired by the analyst. These extensions,
abbreviated by ELS, EMMP, and EMS, respectively, are the
optional approximation methods in the Interaction of Struc-
tures, Aerodynamics, and Controls (ISAC) computer pro-
gram, a recent version of Ref. 15. One effect of this extension
on the minimum-state method was a very large increase in the
number of equations solved simultaneously in every least-
square iteration step. Consequently, the iterative process was
severely slowed, and computational considerations limited the
problem size. A comparative study11 with a seven-mode aeroe-
lastic model shows that the minimum-state method can cut the
number of augmented states per desired accuracy by a factor
of 2 or more. Nonlinear programming techniques were used in
these applications to optimize the values of the approximation
roots with respect to an overall error function. Their experi-
ence was that the application of this optimization to the mini-
mum-state method is more tedious than to the other methods.
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On the other hand, since the minimum-state method allows
more distinct approximation roots and yields less augmented
states than in other methods, optimization of the root values
is not as important.

Until now, most approximation methods treated the differ-
ent tabulated aerodynamic terms as equally important (except
for the imposed equality constraint points). Dunn7 allowed a
frequency-dependent data weighting matrix to be defined by
the user. One of the main purposes of this work is to develop
a weighting algorithm that weights different data terms ac-
cording to the effect of their errors on aeroelastic characteris-
tics. Other purposes are to formulate the aeroservoelastic
model using the minimum-state approximation, to modify the
original minimum-state formulation to accept weighted data,
to allow more constraint options without increasing the prob-
lem size, and to investigate the various aspects of the modified
method with numerical examples of larger size than before.

where s is the nondimensionalized Laplace variable:

s = s b/V (5)

The real-valued approximation matrices of Eq. (4) are parti-
tioned as

An augmented state vector is now defined by its Laplace trans-
form as

[Ec][dc(s)})s (7)

or, with the substitution of Eq. (5),

Aeroservoelastic Formulation
The common approach for formulating the equations of

motion of an aeroelastic system12 starts with normal modes
analysis of the structural system. A set of low-frequency vibra-
tion modes (that may include rigid-body modes) is chosen to
represent the structural motion in generalized coordinates.
Aeroservoelastic formulation requires additional modes that
represent the control surface commanded deflections. These
are defined here by a 1-rad rotation of a control surface and
zero deflections elsewhere. Gust velocity modes may also be
required.

A generalized unsteady aerodynamic complex force coeffi-
cient matrix [Q] is defined by the Laplace transform of its
partitions as

+ s[Ec]{dc(S)} + (8)

(1)
where [Fs} is the vector of generalized aerodynamic forces on
the vibration modes, [Fc} the vector of control surface aero-
dynamic hinge moments, ( £ ) the vector of generalized struc-
tural displacements, [w } the gust velocity vector, and [dc}
the vector of control surface commanded deflections, namely,
the actuator outputs (in radians).

For the sake of simplicity, the gust terms are omitted for the
formulation in the rest of this section. The Laplace transform
of the open-loop aeroelastic system equation of motion, ex-
cited by control surface motion, are

where
[Bs]s + [Ks}-q [Qss(s)]

(2a)

(2b)

where [Ms], [Bs]9 and [Ks] are the generalized structural mass,
damping, and stiffness matrices, respectively, and [M5C] is the
coupling mass matrix between the control and the structural
modes. The total hinge moment vector (aerodynamic and iner-
tial) is

( T c ( s ) ] = ( q l Q a ( s ) ] - s 2 [ M K ] T ) ( S ( s ) ]
+ (q[Qcc(s)}-s2[Mcc}) [dc(s)} (3)

where [Mcc] is a diagonal matrix of control surface moments
of inertia about the hinge line.

In order to transform Eqs. (2) and (3) into time-domain
constant coefficient equations, the aerodynamic matrices have
to be described as rational functions of 5. The minimum-state
method6 approximates [<2(s)] by

[Q(s)] = Hoi + [Atf + [A2]s2 + [D](s[I] - [R])~l[E]s (4)

The substitution of Eq. (4) into Eq. (2), while using the parti-
tions of Eq. (6), and Eq. (5) and (7), yields

(9)

[Bs]s + [

= (~[Msc]s2 + [Bsc]s + [Ksc]) (dc(s)}

where

[Ms] = [Ms] - [AS52]9 [Bs] = [B8] - ]Aai]

[Ks] = [Ks]-q[ASSQ], [Msc] = [MSC]-^[ASC2]

[Bsc] = HSCl], [KK] = q[Asc (10)

The time-domain state-space open-loop equation resulting
from Eqs. (8) and (9) is

(11)

where

0 / 0
- M~ 1KS - M~ 1BS qM~ 1DS

0 Es ¥R

0 0 0
M~1KSC M~1BSC -MilMsl

0 Ec 0
(12)

The substitution of the hinge moment related partitions of Eq.
(4) into Eq. (3), while using Eqs. (5) and (7), yields

(13)
{ Tc(s)} = (-(Mc,]s2 + (Bcs]s + [

+ [Bcc]s + [Kcc]){dc(s)} + q[Dc](xa(s)}

where

p[Kcs] = q(ACSl)], [Mcc] = [Mcc] -*—— [ACC2]
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The hinge moments time history can now be related to the state
and control vectors of Eq. (11) by

(14)

where

[Hc] = [KCSBCS qDc} + McsMil [Ks Bs -qDs}

[Jc] = [Kcc Bc -Mc] -MCSM-1 [Ksc B5C -Msc]

Structural displacement measurements are related to the
generalized displacements by

[y] = [^w]{{} (15)

where [¥m] is the matrix of modal deflections at the sensor
input points. For structural velocity or acceleration measure-
ments, {£} of Eq. (15) is replaced by {£} or {£}. The hinge
riioments may also be considered as a part of the output vector
[y}_. All of these measurements can be cast in the state-space
control formulation [using Eqs. (11), (12), (14), and (15)] as

A gust vector consisting of {w } and { w } can be added to the
right-hand side of Eqs. (11), (14), and (16) for gust response
analysis. The formulation follows that of the control surface
related columns, with the exceptions that there are no mass-re-
lated terms and that the [Asg2] and [Acg2] portions of [A2] in
Eq. (4) are constrained to be zero. This suppresses all {w}-re-
lated terms.

Until now we dealt with the structural and aerodynamic
portions of the aeroservoelastic model. The control loop is
closed by connecting the control column {u } to the measure-
ment vector \y} through the control system transfer func-
tions. The Laplace transform of this connection may be for-
mulated as

[6(5)1 = [Th(s)] [Tc(s)} (17)

where [T(s)] is a matrix of transfer functions that includes the
effects of measurement type, sensor dynamics, control laws,
and actuator dynamics. [Th(s)] is a diagonal matrix of transfer
functions that reflects the effect of hinge moments on the
actuator dynamics. This term is neglected when the actuators
are assumed to be irreversible.

To complete the state-space formulation, the state vector of
Eq. (11) is augmented by control system states, and the system
matrices in Eqs. (12) and (16) are modified according to the
specific nature of the transfer functions of Eq. (17). This
(problem-related) part of the aeroservoelastic modeling is be-
yond the scope of this paper. Various examples of time-do-
main modeling, analysis, design, and simulation of the control
system part of the aeroservoelastic problem are given in Refs.
2, 5, 6, 8, and 13-15.

Minimum-State Approximation Procedure
The full development of the minimum-state method is given

in Refs, 6 and 8. Key equations are repeated here, the least-
square solution is modified to deal with weighted data, and
alternative constraints are added. The input data are unsteady
aerodynamic complex matrices calculated for several reduced-
frequency values (k = <job/V) along the imaginary axis of the
Laplace plane, namely, at various s-ik points. The aerody-
namic approximation of Eq. (4) for imaginary values of s is

[A{]ik-[A2]k2

Separation of Eq. (18) into real and imaginary parts gives

= [A<& - [A2]k2 + k2[D](k2[I] + [R]2rl[E] (19)

and

= [A,]k - k[D](k2[I] (20)

three constraints are applied to each term of [Q(ik)] in
order to eliminate [A0], [Ai\, and [A2] from the approximation
equations. The formulation that follows is for the case of data
match constraints where all the terms of [Q(ik)] are assigned
with the same set of constraints. Alternative constraints are
discussed at the end of this section. The three constraints are
matching the real part of the tabulated data at k = 0 and at
£/5^0, and matching the imaginary part of the tabulated data
at kg 7*0, which yields

W(fl = [F(0)] (21)

[A,] = [G(kg)\/kg + [D](k2[I] + [R]2)-l[R][E] (22)

[A2] = ([F(0)] - [F(kf)])/kJ + [D](k}[I] + [R]2r{lE] (23)

At other tabulated k£ values

k2, [D][Cf(ke)[E] * [F(kt)] (24a)

and

where

[Cf(k)} =

- (lF(kf)]
= (G(kf)](k/kf) -

(24b)

(25a)
(25b)
(2Sc)
(25d)

[R] is a diagonal matrix with distinct negative terms. For a
given [R] arid an initial value of [D], and where Eqs. (24)
provide an approximation to be solved by the weighted least-
square method16 for each column of [E]. The least-square
equation for the /th column of [E] is

(26)

where

(27)

and the terms of the diagonal matrix [Wfy are the squared
weights assigned to the rows of the y'th column of [Q(ikt)];
(Fj(ki)} and [Gj(k()} are the jth columns of [F(kt)] and
[G(kt)] of Eqs. (24).

After solving for [E], least-square equations are set and
solved for the rows of [D]:

n ) =Y.\A*tnw$ { % } (28)

(29)

where

(18)
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arid the terms of the diagonal matrix [Wfy are the squared
weights assigned to the columns of the /th_row of [Q(ikfi\\
[Fi(ke)}Tand {[G,(Ar,))rare the ithtows of [F(ki>] and [G(ki>].
The procedure repeats alternate solutions for [E] and [D] until
convergence is obtained. The initial values of the « x m [D]
matrix, where m is the number of approximation roots and «
the number of modes, are up to the choice of the analyst. The
default choice is a zero matrix except for all Dn and £>(„+,•)/
(when n >m) or Dl (m + /) (when m>n), which are equal to
1. After each [£>]—>[£"]-*[£>] cycle, the procedure calculates
the overall error:

(30)

where

Even though the preceding formulation assumed that the
same data match constraints are assigned to all the terms of
[Q(ik)]9 one may assign different sets of kf and kg values to
different (ij) terms. Each term in Eqs. (22) and (23) and in [G]
and [F\ of Eqs. (25) is calculated with its assigned kf or kg. The
kf and kg to be used in [C/] and [Gg] of Eqs. (25) are deter-
mined when they are applied to Eqs. (27) and (29) according to
the associated indices of {£}} and |D/j. An example of using
ki ̂  kg is when one wants to constrain dQ/d(ik) at k - 0 to
match that of the tabulated data, in order to obtain accurate
aerodynamic coefficients associated with rigid-body velocities.
This is done by assigning ks = k2 to the terms associated with
the rigid-body modes (assuming that k2^Q). On the other
hand, assignment of kf - k2 when k2^Q might cause numerical
problems.

Another possible constraint is A2..=Q (no "aerodynamic
mass" terms). This constraint replaces the real-part matching
condition at k = &/of E_q. (23). As a result, whenever ]D/:] and
[Ej] are considered, [Cf(ikd\ and the (ij) term of [F(kg)] in
Eqs. (27) and (29) appear without the second part of their
definition in Eqs. (25). This constraint is assigned, for exam-
ple, to the gust columns of [Q].

Normalizing the Data
The tabulated values of [Q(ike)] are a function of the way

the modes are normalized. If, for example, the /th mode is
multiplied by 2, the /th row and the /th column of the aerody-
namic matrix of Eq. (1) are also multiplied by 2 [the (/,/) term
is multiplied by 4]. Since the same factors are also applied to
the structural matrices, this multiplication should have no ef-
fect on the system characteristics. However, without weight-
ing, such multiplication would cause the minimum-state least-
square solutions to put more emphasis on the /th-mode-
related terms at the expense of others. To avoid this mode
normalization dependency, weights are defined by

The absolute value of a weighted aerodynamic term is

(31)

(32)

All Wijt weights for a given (ij) pair of indices as defined by
Eq. (31) are equal. The f index is retained because it is required
in the physical weighting of the next section. The effect of Eq.
(31) is normalization of the input data such that the maximum
Q(k?) of each (ij) term is 1, with the exception of terms with
maximum \Q(ikf)\ of less than 1, which are not normalized.
With this weighting, et of Eq. (30) is consistent with the "com-
mon measure of approximation performance" of Ref. 11.

Physical Weighting
The weighting suggested in this section is designed to weight

each term of the tabulated data according to a "measure of
importance," which is based on the partial derivative of a
selected open-loop characteristic parameter at nominal (stable)
flow conditions with respect to the weighted term. Four groups
of weights are defined. The first three groups are related to
[655], [Qsc], and iQcg] of Eq. (1), respectively. The fourth
group encompasses [Qcs], [Qcc], and (Qc g). The resulting
weight matrices [W]? are a function of kg. The physically
weighted aerodynamic terms below are not a function of the
way the modes are normalized and have a maximum value of
1 assigned to one term only in each group.

The weighting of [Qss] is based on the open-loop system
determinant in Eq. (2):

£2 1/2 fry
- \M,] -Tj- + HBS} -r- + [A,] -

D O

The derivative of II C (ik) II with respect to Qss.. is

(33)

(34)

Based on this derivative, a measure for the importance of Qss..(
is defined as

cofactor(C//(A:)) (35)

This definition assigns more importance to k values at which
the open-loop system is closer to instability/The right-hand
side of Eq. (35) is actually the absolute value of the (/,/) term
of [C(ik)]~l. The weight matrices associated with the tabu-
lated [Qss] matrices are now defined as

(36)'maxllQ^dk^W^,}

The weighting of [Qsc] is based on the open-loop actuator
output response to sinusoidal excitation by the control sur-
faces. The vibrations mode response to sinusoidal excitation of
unit amplitude by the j th control surface is derived from Eq.
(2):

co2{M5C (37)

The open-loop frequency response of they'th actuator to exci-
tation by they'th control surface is derived from Eqs. (17) and
(37):

co2{M5C.)) (38)

where |7}(/w)J is derived from the y th row of [T(s)] of Eq.
(17). The measure of importance here is the absolute value of
the partial derivative of 6^ with respect to Qsc.. , which yields the
measure-of-importance matrix

(39)

The resulting weight matrices associated with the tabulated
[Qsc] matrices are

(40)

The weighting of [Qsg] is based on the power spectral density
(PSD) of the open-loop response of selected structural acceler-
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Fighter, 2 RB, 10 Elastic Mode (NKF=10),2
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EMMP/v
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MS (NKF=4)
MS (NKF=10),1
MS (NKF=10),2
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# of Aerodynamic States
40 50

Fig. 1 Total approximation errors of various methods vs number of
aerodynamic lag states, 12 vibration modes of a fighter aircraft.

I

20 40 60 80 100 120 140 160 180

# of Iterations

Fig. 2 Minimum-state error convergence vs number of D -^E -*/>
iterations.

ation parameters to continuous gust. The PSD of the response
associated with the y'th gust is

(41)

where \irZj\ is the vector of modal deflections at the y'th se-
lected point, and $Wy.(o>) is the Dryden17 continuous gust PSD.
The measure of importance of Qsg. is the partial derivative of
V$^(oj) with respect to Qsgi., whicn yields

kjgV, (42)

The resulting weight matrices associated with the tabulated
[QSg] matrices are

max (43)

The weighting of the fourth group, the hinge-moment-re-
lated terms, is based on hinge-moment response to sinusoidal
excitation by the control surfaces. The /th hinge-moment re-
sponse to excitation by the /th control surface is derived from
Eqs. (3) and (2):

(44)

} ) (45)
csu

where |&/(/co)J is the /th row of [CC/co)]"1. The measure of
importance of the [Qsc] terms is based on Eqs. (44) and (45):

co2Mcc//

The derivative of Eq. (44) with respect to Qcs.. is

importance

Wcs}< = q

/ \TCa(ik() I

[Msc}

The measure of importance of the [Qcc] terms is based on
Eq. (44) and its derivative with respect to Qcc.:

q (47)

where the same Wis assigned to all the terms in the /th row of
[Qcc], even though only the diagonal term appears in Eq. (44).

The weighting of [Qcg] is based on the partial derivative of
the term that the continuous gust would add to the /th hinge
moment of Eq. (44) with respect to Qcg^ The measure of
importance is

(48)

The weight matrices assigned to tabulated [Qsc], [Qcc}> and
[Qc] matrices are

[Wcs Wcc Wcg]e = [WCS( WCC( Wcg(] (49)
where

(46)

over all of the hinge-moment-related terms.

Numerical Example
Fighter Aircraft

The first example deals with a fighter aircraft with wing-tip
missiles. The purpose of this example is to compare minimum-
state results with other methods, to investigate the nonlinear
least-square process, and to compare results with different
match constraints. The data consist of 12 symmetric vibration
modes (2 rigid-body and 10 elastic) and no control or gust
modes. The doublet lattice method (DLM) generalized aerody-
namic matrices at Mach 0.6 are tabulated at 10 & values of 0,
0.1, 0.3, 0.6, 1.0, 1.3, 1.6, 2.0, 2.3, and 2.5.

Variations of the total approximation error [e, of Eq. (30)]
for five different cases are given in Fig. 1. All of the cases are
with the data normalization of Eq. (31). The first two cases are
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the extended modified matrix Fade method with variable
column roots (EMMP/v) and the ELS method of Roger as
outlined in Refs. 10 and 11. Constraints were imposed in both
cases to match the data at k = 0.0 and at kf= kg = 0.6, and the
approximation roots were optimized for best overall fit using
the ISAC computer program. The three other cases of Fig. 1
are of the minimum-state (MS) method. The first MS case is
with the same match constraints as the previous methods
(NKF = 4, where NKF is the index of the nonzero tabulated k
value at which both real and imaginary match constraints are
imposed). The two other MS cases, both with match con-
straints at k = 0.0 and at kf = kg=2.5 (NKF = 10), are initiated
with different values of [D], as discussed below. The MS ap-
proximation roots [the diagonal of [R] of Eq. (18)] are not
optimized. The distinct root values were chosen between —0.1
and —5.0. The^same roots were used for parallel cases on the
three MS curves.

The cases on the MS (NKF = 4) curve of Fig. 1 were started
with the m =5 case using the default [D] [see definitions
following Eq. (29)]. The final [D] of the iterative D ^E-+D
process for the m = 5 case was then expanded with the default
columns and used as initial [D] in the m =8 case, and so on
from case to case. The initial [D] matrices for the cases on the
(NKF= 10), 1 curve were the final [D] matrices of the parallel
case on the (NKF = 4) curve. Another approach has been taken
for the (NKF = 10),2 curve for the sake of consistent investiga-
tion of the iterative D-^E-^D process. Each case was analyzed
independently, starting with the initial default values of [D].
The variation of et with the number of iterations is given in Fig.
2. The computation time per iteration ranged from 2.5 s for
m = 5 to 25 s for m = 20 on a MicroVax computer.

Fig. 3 Top view of the AFW aerodynamic model and structural
grids.

It may be concluded from this example that of the various
methods, the MS method yields a given accuracy with much
fewer augmented states, even without optimization of the ap-
proximation roots. It can also be observed for this case that
imposing match conditions at the highest k value yields lower
total errors. The convergence process and the end results de-
pend on the initial guess of [D], but not very strongly. Numer-
ical divergence, such as that of the m = 2Q case of Fig. 2, may
occur at high m values. This indicates that the amount of data
is not sufficient for this high-order approximation, and more
k values should be added to the tabulated data. However, it is
most likely that the user will find the results to be sufficiently
accurate before numerical divergence occurs. Even though no
optimization of the minimum-state approximation root values
has been performed in this work, the nonunique solution and
the nonmonotonic convergence rate of the iterative least-
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Fig. 5 Minimum-state approximation errors vs number of aerody-
namic states.
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Fig. 4 Weighted magnitudes of aerodynamic terms vs reduced fre-
quency.

I
"o
O

1.4

1.2-

i.o-

0.8-

0.6

0.4-

0.0

Vibration modes Control modes

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Column*
Fig. 6 Column errors in ELS and minimum-state cases.
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square process indicate potential difficulties if such optimiza-
tion is attempted.
AFW Wind-Tunnel Model

This example deals with Rock well's Active Flexible Wing
(AFW) wind-tunnel model to be tested at the Transonic Dy-
namics Tunnel at the NASA Langley Research Center. A top
view of the aerodynamic model is given in Fig. 3. The circles
indicate points at which modal data were obtained from the
vibration analysis. The mathematical model consists of 15 an-
tisymmetric modes: 1 rigid-body (roll), 10 elastic, and 4 con-
trol surface deflection modes. The DLM generalized aerody-
namic matrices at Mach 0.9 are tabulated at 12k values of 0,
0.005, 0.01, 0.05, 0.1, 0.2, 0.4, 0.6, 0.8, 1.0, 1.5, and 2.0.

Since gust response is not of interest, and since the actuators
are assumed to be irreversible, only [Qss] and [Qsc] of Eq. (1)
are to be approximated. ELS approximation, with three opti-
mized roots (resulting in 33 aerodynamic lag states) and with
match constraints at k - 0 only, have a total approximation
error of et = 1.12, which is considered satisfactory. A similar
error (0.9) is obtained by the MS approximation with m =8,
match constraints at & = 0 and at &/ = &g=2.0, and with the
normalization weighting of Eq. (31). The MS approximation
has been repeated for eight cases symbolized by mN or mP,

6 r—

4 —

GAF(4,4)

2 —

• Tabulated data
O CaseSN
Q Case 4N
A Case 4P

-6.5 -5.5 -5.0

Real

where TV stands for the normalization weighting, and P stands
for the physical weighting of Eqs. (36) and (40). The approxi-
mation roots in the MS cases were arbitrarily spaced between
the values of —0.1 and —2.4 and were not optimized.

The flow conditions for calculating the physical weights are
K = 5400 in./s and # = 1.39 psi. The control system uses a
single roll-rate gyro to activate four third-order actuators of
the control surfaces of Fig. 3 through constant gains of 0.0,
0.1, 0.1, and 0.0, respectively. The zero gains are replaced by
0.001 in the weighting process to avoid zero weights to all the
elements of the related aerodynamic columns (12 and 15),
which would cause singularity in Eq. (26).

The variations of selected weighted magnitudes of aerody-
namic terms, Q of Eq. (32), with tabulated k values are shown
in Fig. 4. These terms belong to the group of only 13.3% of the
terms that have a maximum Q value of more than 0.1. Diago-
nal weighted aerodynamic terms have peak values around the
natural frequencies of the associated modes. This is also typi-

MS-8

Fig. 7 Minimum-state curve fits for the (4,4) term of the generalized
aerodynamic force matrix.

Fig. 8 Flutter dynamic pressure and flutter frequency percentage er-
rors using minimum-state and ELS approximations.
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Fig. 9 First-order root-loci vs dynamic pressure for the AFW model.
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cal to the diagonal terms associated with modes, 2, 7, 8, and
10 (not shown). The diagonal weights associated with the other
modes are several orders of magnitude smaller since these
modes are not aeroelastically active, as shown later in this
section. The weighted values of terms (6,13) and (2,4) are
typical to relatively important control terms and off-diagonal
vibration-mode-r elated terms, respectively. The MS total ap-
proximation errors, all calculated by Eq. (30) with the weight-
ing of Eq. (31), are given in Fig. 5. Although the weights of
Eq. (31) are those of the normalized cases, they are different
than those of the physically weighted cases [defined in Eqs.
(36) and (40)]. As a result, a physically weighted case always
shows a higher error than that of a normalized cases with the
same number of approximation roots.

Column errors of the ELS, 87V, and 8P cases are given in
Fig. 6. The total error of theyth column, etj, is calculated with
Eq. (30), where the e2^ terms are summed over the / and t
indices only. It can be observed that the control-related terms
are relatively harder to fit than others, and that the ELS errors
are similar to those of 87V. The main thing to observe in the 8P
case is that, even though many weights are several times lower
than others, the errors are not excessive.

Approximation curve fits for the (4,4) aerodynamic term are
shown in the real-imaginary plane in Fig. 7. This term is rela-
tively hard to fit, but aeroelastically active, as indicated in Fig.
4. It can be observed that the 4P minimum-state fit is generally
better than the 4/V fit, especially in the range of relatively high
weights (A: = 0.2 to 0.4) where it is as good as the 87V case.

The real test of the physical weighting is in the resulting
aeroservoelastic characteristics. Second-order closed-loop
root-loci calculations have been performed using the
STABCAR18 module of ISAC. In the "baseline" case the
program employed the p-k method to calculate p- plane roots
with constant velocity and Mach number and variable dynamic
pressure, using the same tabulated aerodynamic data as used
by the approximated data, and the calculations were repeated
for all of the approximation cases. The baseline flutter dy-
namic pressure is q/ = 2A psi, and the flutter frequency is
co/= 89.7 rad/s (k = 0.33). The #/and co/percentage errors for
the various case are given in Fig. 8. It can be observed that
when m is not too small, the physical weighting cuts the flutter
errors by a factor of 2 or more. It should be noticed that the
flutter dynamic pressure is almost twice that of the nominal q
for which the weights were calculated. This indicates that the
physical weighting, calculated at one set of flow parameters,
has a beneficial effect over a wide parameter range.

Root-loci calculations were also performed with the first-or-
der (state-space) formulation of this paper, expanded to in-
clude the actuator dynamics using the DYNARES module of
ISAC. The results for the 87V and 4P cases are plotted in Fig.
9. Differences in the characteristic roots may be observed only
for roots that are both far from the imaginary axis and related
to dynamic pressures that are more than twice the nominal
one.

Conclusions
The minimum-state method for rational approximation of

unsteady aerodynamic force coefficients has been modified to
allow more combinations of constraints and supplemented
with two data-handling algorithms, one for normalization and
the other for physical weighting of the tabulated aerodynamic

coefficients. The method yields a first-order, linear, aeroser-
voelastic mathematical model with a relatively low number of
aerodynamic augmented states per desired accuracy. Applica-
tions to practical aircraft models demonstrate that, with the
data normalization, the number of aerodynamic states is about
one third of those obtained by other approximation methods
with comparable accuracy. Additional significant reduction in
model size per desired accuracy of the resulting aeroservoelas-
tic characteristics is obtained when the minimum-state method
is combined with the new method of physically weighting the
tabulated data.
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